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Abstract
A mandatory representation design MRD(K ; v) is a pairwise balanced design on v points with
block sizes from the set K in which for each k ∈K there is at least one block in the design of
size k. It was shown by Gr0uttm0uller and Rees (Utilitas Math. 60 (2001) 153–180.) that MRDs
with K = {4; k} and k ≡ 1mod 3 exist with at most 56 possible exceptions. In this paper, we
continue to investigate the spectrum for such MRDs. It is shown that the necessary conditions
for existence are su6cient, with at most 10 possible exceptions. As a preliminary result, some
new 4-GDDs of type gum1 are also constructed.
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1. Introduction
A group divisible design (GDD) is a triple (X;G;B) where X is a set of points, G
is a partition of X into groups, and B is a collection of subsets of X called blocks such
that any pair of distinct points from X occur together either in some group or in exactly
one block, but not both. A K-GDD of type gu11 g
u2
2 : : : g
us
s is a GDD in which every block
has size from the set K and in which there are ui groups of size gi;=1; 2; : : : ; s. A group
divisible design (X;G;B) is called resolvable if its block set B admits a partition into
parallel classes, each parallel class being a partition of the point set X .
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A pairwise balanced design (PBD) with parameters (K ; v) is a K-GDD of type 1v. A
mandatory representation design MRD(K ; v) is a PBD(K ; v) in which for each k ∈K
there is at least one block in the design of size k.
MRDs have been extensively studied by Mendelsohn and Rees [15], Rees [17],
Gr0uttm0uller [11,12], and Gr0uttm0uller and Rees [13,14]. These designs occur when
considering the problem of constructing certain classes of pairwise balanced designs
with pre-speciGed subdesigns. For example, the embedding of a (w; 4; 1)-BIBD into a
(v; 4; 1)-BIBD. The following result is the culmination of the contributions of several
authors [2,3,19–21].
Theorem 1.1. (i) There exists a (v; 4; 1)-BIBD containing a sub-(w; 4; 1)-BIBD if and
only if v; w ≡ 1 or 4mod 12 and v¿ 3w + 1.
(ii) There exists a PBD({4; k}; v) with exactly one block of size k ≡ 7 or 10mod 12
if and only if v ≡ 7 or 10mod 12 and v¿ 3k + 1.
In a recent paper [13], Gr0uttm0uller and Rees began an investigation into the problem
of determining the spectrum for MRDs with K = {4; k} and k ≡ 1mod 3. They proved
the following necessary conditions for the existence of such MRDs.
Lemma 1.2 (Gr0uttm0uller and Rees [13, Lemma 1.3]). Let k ≡ 1mod 3, and suppose
there exists a mandatory representation design MRD({4; k}; v). Then
(i) if k ≡ 1 or 4mod 12, then v ≡ 1 or 4mod 12 and v¿ 3k + 1,
(ii) if k ≡ 7 or 10mod 12, then either v ≡ 7 or 10mod 12 and v¿ 3k + 1, or v ≡ 1
or 4mod 12 and v¿ 4k − 3.
From Theorem 1.1, it is clear that to show the su6ciency of the above necessary
conditions we need only to consider the second part of condition (ii). The following
three theorems were established by Gr0uttm0uller and Rees in [13].
Theorem 1.3 (Gr0uttm0uller and Rees [13, Theorem 3.9]). Let k ≡ 7 or 10mod 12 and
v ≡ 1 or 4mod 12, where either 4k − 36 v6 8k − 16; v¿ 12k − 8, or v = 8k − 7
and k ≡ 10mod 12. Then there exists an MRD({4; k}; v), except possibly when
(k; v) ∈ {(10; 52); (19; 112); (19; 121); (19; 124); (19; 133); (19; 136); (22; 121); (22; 124);
(22;133); (22;136); (22;145); (22;148); (31;172); (31;232); (34;184); (34;229); (34;232);
(91; 712); (94; 649); (94; 652); (238; 1657); (238; 1660)}.
Theorem 1.4 (Gr0uttm0uller and Rees [13, Theorem 4.6]). Let k ≡ 7mod 12 and v ≡ 1
or 4mod 12, where 8k−76 v¡ 12k−8. Then there exists an MRD({4; k}; v), except
possibly when (k; v)∈{(7; 52); (7; 64); (19; 148); (19; 157); (19; 160); (19; 169); (19; 172);
(19; 184); (19; 193); (19; 196); (19; 205); (19; 208); (31; 244); (31; 253); (31; 256);
(31; 265); (31; 268)}. Also, there exists an MRD({4; 91}; 712).
Theorem 1.5 (Gr0uttm0uller and Rees [13, Theorem 4.10]). Let k ≡ 10mod 12 and v ≡
1 or 4mod 12, where 8k−46 v¡ 12k−8. Then there exists an MRD({4; k}; v), except
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possibly when (k; v)∈{(10; 76); (10; 85); (10; 88); (10; 97); (10; 100); (22; 172); (22; 181);
(22;184); (22;193); (22;196); (22;205); (22;208); (22;217); (22;220); (22;229); (22;232);
(22; 241); (22; 244)}.
In this paper, we continue to investigate the spectrum for MRDs with K = {4; k}
and k ≡ 1mod 3. It is shown that the necessary conditions for existence are su6cient,
with at most 10 possible exceptions. As a preliminary result, some new 4-GDDs of
type gum1 are also constructed.
2. Preliminaries
In this section, we give some deGnition and notations as well as some preliminary
results which will be used in the sequel. The interested reader may refer to [1,4] for
the undeGned terms as well as a general overview of design theory. The main recursive
construction that we will use is Wilson’s Fundamental Construction for GDDs (see e.g.
[4]).
Construction 2.1. Let (X;G;B) be a GDD, and let w :X → Z+ ∪ {0} be a weight
function on X . Suppose that for each block B∈B, there exists a K-GDD of type
{w(x) : x∈B}. Then there is a K-GDD of type {∑x∈G w(x) : G ∈G}.
A double group divisible design (DGDD) is a quadruple (X;H;G;B) where X is a
set of points, H and G are partitions of X (into holes and groups, respectively) and
B is a collection of subsets of X (blocks) such that
(i) for each block B∈B and each hole H ∈H, |B ∩ H |6 1, and
(ii) any pair of distinct points from X which are not in the same hole occur either in
some group or in exactly one block, but not both.
A K-DGDD of type (g1; hv1)
u1 (g2; hv2)
u2 : : : (gs; hvs)
us is a double group-divisible design
in which every block has size from the set K and in which there are ui groups of
size gi, each of which intersects each of the v holes in hi points. (Thus, gi = hiv for
i = 1; 2; : : : ; s. Not every DGDD can be expressed this way, of course, but this is the
most general type that we will require.) Thus, for example, a modiGed group divisible
design K-MGDD of type gu is a K-DGDD of type (g; 1g)u. A k-DGDD of type (g; hv)k
is an incomplete transversal design ITD (k; g; hv) and is equivalent to a set of k − 2
holey MOLS of type hv (see e.g. [4]). A DGDD is called resolvable if its block set
admits a partition into parallel classes.
We will make use of the following simple constructions for DGDDs, which are
stated similarly in [9].
Construction 2.2. Suppose that there is a K-GDD of type gu11 g
u2
2 : : : g
us
s and that for
each k ∈K there exists a 3-DGDD of type (hv; hv)k . Then there exists a 3-DGDD of
type (hvg1; (hg1)v)u1 (hvg2; (hg2)v)u2 : : : (hvgs; (hgs)v)us .
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Construction 2.3. Suppose that there is a {3; 4}-DGDD of type (g1; hv1)u1 (g2; hv2)u2 : : :
(gs; hvs)
us whose blocks of size 3 can be partitioned into b parallel classes, and that
for each i=1; 2; : : : ; s there is a 4-GDD of type hvi a
1 where a is a 9xed non-negative
integer. Then there is a 4-GDD of type hv(a+ b)1 where h=
∑s
i=1 uihi.
We will make frequent use of the following simple construction.
Construction 2.4. Let (X;G;B) be a K-GDD and suppose that for each G ∈G there
exists a PBD(K ; |G|+ 1). Then there is a PBD(K ; |X |+ 1).
An incomplete pairwise balanced design IPBD(K ; v; w) is a triple (X; Y;B) where X
is a set of v points, Y is a subset of X of size w (Y is called the hole) and B is a
collection of subsets of X (blocks) such that
(i) for each block B∈B; |B| ∈K , and
(ii) any pair of distinct points from X occurs either in the hole Y or in exactly one
block, but not both.
From Theorem 1.1, we have the following equivalent theorem.
Theorem 2.5. Suppose that either v; w ≡ 1 or 4mod 12 or v; w ≡ 7 or 10mod 12.
Then there exists an IPBD(4; v; w) if and only if v¿ 3w + 1.
We will also make occasional use of the following variant of Wilson’s Construction,
which is a special case of [13, Construction 2.3].
Construction 2.6. Let (X;G;B) be a TD(k; n) and Y be a block belonging to B,
and let w :X → Z+ ∪ {0} be a weight function on X . Suppose that for each block
B∈B \ {Y}, there exists a 4-GDD of type {w(x) : x∈B}. Suppose further that for
some 16 k ′6 k we have
∑
x∈Gi w(x)=h−1 for each i=1; 2; : : : k ′ and that for each
i= k ′ + 1; : : : ; k there exists an IPBD(4; (
∑
x∈Gi w(x)) + 1; (
∑
x∈Gi∩Y w(x)) + 1). Then
if there exists a PBD on (
∑
x∈Y w(x)) + 1 points containing k
′ concurrent blocks of
sizes, respectively, (
∑
x∈Gi∩Y w(x)) + 1 for i = 1; 2; : : : ; k
′, in which all the remaining
blocks have size 4, there exists an MRD({4; h}; (∑x∈X w(x)) + 1).
Finally, we will make use of the following results on 4-GDDs (see, e.g. [4,7–
9,13,18]).
Lemma 2.7 (Ge and Rees [7, Lemma 3.1(i)]). Let g = 9 or 21. Then there exists a
4-GDD of type g8m1 for every 06m6 (7g− 3)=2 with m ≡ 0mod 3.
Lemma 2.8 (Gr0uttm0uller and Rees [13]). There exist 4-GDDs of types 3792, 3862,
3894, 31592, 64122 and 6491121.
Theorem 2.9 (Colbourn and Dinitz [4, III.1.3, Theorem 1.28]). A 4-GDD of type 3um1
exists if and only if either u ≡ 0mod 4 and m ≡ 0mod 3, 06m6 (3u − 6)=2; or
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u ≡ 1mod 4 and m ≡ 0mod 6, 06m6 (3u− 3)=2; or u ≡ 3mod 4 and m ≡ 3mod 6,
0¡m6 (3u− 3)=2.
Theorem 2.10 (Ge and Rees [8, Theorem 1.6]). There exists a 4-GDD of type 6um1
for every u¿ 4 and m ≡ 0mod 3 with 06m6 3u − 3 except for (u; m) = (4; 0)
and except possibly for (u; m)∈{(7; 15); (11; 21); (11; 24); (11; 27); (13; 27); (13; 33);
(17; 39); (17; 42); (19; 45); (19; 48); (19; 51); (23; 60); (23; 63)}.
3. Main results
In this section, we will update the results stated in Theorems 1.3–1.5. First, we need
the following direct constructions for 4-GDDs.
Lemma 3.1. There exists a 4-GDD of type gum1 for (g; u; m)∈{(12; 6; 6); (12; 6; 9);
(18; 6; 3); (18; 6; 12); (18; 6; 15); (18; 6; 24)}.
Proof. In each case the design is constructed on Zgu ∪ M , where the group set is
{{0; u; 2u; : : : ; (g − 1)u} + i : 06 i6 u − 1} ∪ {M}. The design is obtained by devel-
oping the elements of Zgu in the given base blocks +1 or +2mod gu, as indicated,
where the subscripts on the elements x0 ∈{x} × Zn in M are developed modulo the
unique subgroup in Zgu of order n. Take the following 4-GDD of type 12691 as an
example, the design is developed by +2mod 72 and the subgroup of order n = 6 in
Z72 is {0; 12; : : : ; 60}. Hence, a0 + 2i = aj, where i = 0; 1; : : : ; 35, j = 0; 1; : : : ; 5 and
j ≡ imod 6.
12661:
+1mod 72; M = {a; b} × Z3
1 12 27 52 1 8 28 36 1 14 30 a0
1 2 4 35 1 11 20 69 1 51 56 b0
12691:
+2mod 72; M = ({a} × Z6) ∪ ({b} × Z3)
2 13 41 42 2 23 61 63 1 5 27 48
1 58 68 0 2 11 21 48 2 9 24 58
2 22 35 49 10 13 54 a0 3 26 67 a0
4 59 68 a0 5 57 60 a0 4 6 71 b0
9 25 44 b0
324 G. Ge /Discrete Mathematics 275 (2004) 319–329
18631:
+1mod 108; M = {a} × Z3
1 76 90 93 1 16 60 99 1 22 69 107
1 59 63 100 1 21 66 77 1 30 52 83
1 2 29 36 1 6 14 a0
186121:
+2mod 108; M = {a; b} × Z6
1 5 84 93 2 37 45 89 1 6 8 82
2 3 28 41 1 41 42 56 2 30 81 94
1 10 27 59 2 54 65 75 1 44 52 90
2 5 39 106 1 3 20 78 11 64 104 a0
1 24 29 a0 10 87 98 a0 9 42 103 a0
12 59 98 b0 7 70 93 b0 1 4 63 b0
5 32 42 b0
186151:
+1mod 108; M = ({a} × Z9) ∪ ({b} × Z6)
1 60 83 100 1 57 89 90 1 56 81 94
1 40 45 47 1 38 42 52 3 34 37 a0
2 23 45 a0 8 58 105 a0 1 64 93 b0
2 29 102 b0
186241:
+2mod 108; M = ({a} × Z9) ∪ ({b} × Z6) ∪ ({c; d; e} × Z3)
1 3 92 0 2 25 33 65 2 12 16 49
2 7 59 102 1 12 51 80 2 22 54 89
1 5 38 87 6 59 75 a0 15 25 40 a0
12 14 73 a0 17 20 63 a0 10 44 65 a0
13 36 106 a0 3 8 70 b0 11 25 45 b0
7 26 90 b0 16 89 96 b0 4 26 103 c0
15 42 53 c0 5 18 68 d0 1 81 82 d0
14 21 65 e0 4 13 30 e0
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In order to apply Construction 2.4 to obtain most of our desired designs, we Grst
construct some 4-GDDs of type gum1 with u even
Lemma 3.2. There exists a 4-GDD of type 306m1 for every m ≡ 0mod 3 with
06m6 75.
Proof. For 06m6 15, start from a 4-DGDD of type (30; 65)6 coming from [10] and
apply Construction 2.3 by Glling in 4-GDDs of type 66m1 to obtain the 4-GDDs as
desired. For 186m6 69, take a TD(7; 7) and delete all the points from 2 intersecting
blocks except for the common point ∞. This gives a {5; 6; 7}-GDD of type 5671.
Note that each block intersecting the group of size 7 in the point ∞ has size 7. Now,
in the group of size 7, we give ∞ weight 0; 3; : : : ; 12 or 15 and give the remaining
points weight 3, 6 or 9. Give all other points in the {5; 6; 7}-GDD weight 6. Apply
Construction 2.1 and replace the blocks in the {5; 6; 7}-GDD by 4-GDDs of type
66(3i)1, 6u31, 6u+1 or 6u91 for i∈{0; 1; 2; : : : ; 5} and u∈{4; 5} coming from Theorem
2.10 to obtain the 4-GDDs as desired. For 726m6 75, take a resolvable 3-GDD of
type 66 coming from [16]. Now apply Construction 2.2 with resolvable 3-MGDDs of
type 53 as input designs to obtain a resolvable 3-DGDD of type (30; 65)6. Adjoin 60
inGnite points to complete the parallel classes and then adjoin a further m − 60 ideal
points, apply Construction 2.3 by Glling in 4-GDDs of type 66(m− 60)1 to obtain the
4-GDDs as desired.
Lemma 3.3. There exists a 4-GDD of type 188m1 for every m ≡ 0mod 3 with
06m6 63.
Proof. Start from a 4-RGDD of type 68 coming from [6] and extend all its parallel
classes to obtain a 5-GDD of type 68141. Apply Construction 2.1 with weight 3 to
the points in groups of size 6 and weight 0 or 3 to the remaining points. Replace
the blocks in the 5-GDD by 4-GDDs of type 34 or 35 coming from [4, III.1.3, The-
orem 1.27] to obtain a 4-GDD of type 188m1 with 06m6 42. For 456m6 63,
similarly start from a 4-RGDD of type 38 coming from [5] to obtain a 5-GDD of
type 3871. Apply Construction 2.1 with weight 6 to the points in groups of size 3
and weight 3, 6 or 9 to the remaining points. Replace the blocks in the 5-GDD by
4-GDDs of type 6431, 65 or 6491 coming from Theorem 2.10 to obtain the 4-GDDs as
desired.
Lemma 3.4. There exists a 4-GDD of type 308m1 for every m ≡ 0mod 3 with
06m6 105.
Proof. Start with a TD(6; 8) and adjoin an inGnite point ∞ to the groups, then delete
a Gnite point so as to form a {6; 9}-GDD of type 5881. Note that each block of size 9
intersects the group of size 8 in the inGnite point ∞ and each block of size 6 intersects
the group of size 8, but certainly not in ∞. Now, in the group of size 8, we give ∞
weight 0; 3; : : : ; 18 or 21 and give the remaining points weight 0; 3; : : : ; 9 or 12. Give
all other points in the {6; 9}-GDD weight 6. Replace the blocks in the {6; 9}-GDD by
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Table 1
4-GDDs of type gum1 used in Lemma 3.5
(k; v) Type Source (k; v) Type Source
(19; 112) 18631 Lemma 3.1 (19; 121) 186121 Lemma 3.1
(19; 124) 186151 Lemma 3.1 (19; 133) 186241 Lemma 3.1
(19; 136) 186271 Lemma 3.5 (31; 232) 306511 Lemma 3.2
(7; 52) 6831 Theorem 2.10 (7; 64) 68151 Theorem 2.10
(19; 148) 18831 Lemma 3.3 (19; 157) 188121 Lemma 3.3
(19; 160) 188151 Lemma 3.3 (19; 169) 188241 Lemma 3.3
(19; 172) 188271 Lemma 3.3 (19; 184) 188391 Lemma 3.3
(19; 193) 188481 Lemma 3.3 (19; 196) 188511 Lemma 3.3
(19; 205) 188601 Lemma 3.3 (19; 208) 188631 Lemma 3.3
(31; 244) 30831 Lemma 3.4 (31; 253) 308121 Lemma 3.4
(31; 256) 308151 Lemma 3.4 (31; 265) 308241 Lemma 3.4
(31; 268) 308271 Lemma 3.4 (10; 76) 9831 Lemma 2.7
(10; 85) 98121 Lemma 2.7 (10; 88) 98151 Lemma 2.7
(10; 97) 98241 Lemma 2.7 (10; 100) 98271 Lemma 2.7
(22; 172) 21831 Lemma 2.7 (22; 181) 218121 Lemma 2.7
(22; 184) 218151 Lemma 2.7 (22; 193) 218241 Lemma 2.7
(22; 196) 218271 Lemma 2.7 (22; 205) 218361 Lemma 2.7
(22; 208) 218391 Lemma 2.7 (22; 217) 218481 Lemma 2.7
(22; 220) 218511 Lemma 2.7 (22; 229) 218601 Lemma 2.7
(22; 232) 218631 Lemma 2.7 (22; 241) 218721 Lemma 2.7
4-GDDs of type 68(3i)1 or 65(3j)1 for i∈{0; 1; 2; : : : ; 7} and j∈{0; 1; 2; 3; 4} coming
from Theorem 2.10 to obtain the 4-GDDs as desired.
Lemma 3.5. There exists an MRD({4; k}; v) for each (k; v)∈{(19; 112); (19; 121);
(19; 124); (19; 133); (19; 136); (31; 232); (7; 52); (7; 64); (19; 148); (19; 157); (19; 160);
(19;169); (19;172); (19;184); (19;193); (19;196); (19;205); (19;208); (31;244); (31;253);
(31; 256); (31; 265); (31; 268); (10; 76)(10; 85); (10; 88); (10; 97); (10; 100); (22; 172);
(22;181); (22;184); (22;193); (22;196); (22;205); (22;208); (22;217); (22;220); (22;229);
(22; 232); (22; 241)}.
Proof. From Theorem 2.10, we have a 4-GDD or type 6691. Applying Construction
2.1 with weight 3 gives a 4-GDD of type 186271. Then, the required MRDs can be
obtained by adjoining a common point to the groups of this 4-GDD or the 4-GDDs
constructed in Lemma 2.7, Theorem 2.10 or Lemmas 3.1–3.4 and breaking up the
single block of size other than k into blocks of size 4. We list the parameters (k; v)
and types of the corresponding 4-GDDs in Table 1.
Before we proceed to apply Construction 2.6 to get the remaining part of our main
result, we need the following result on 4-GDDs.
Lemma 3.6. There exists a 4-GDD of type 246m1 for every m ≡ 0mod 3 with
06m6 60.
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Proof. From [22], we have 2 HMOLS of type 26u1 with 06 u6 5. Hence, we have a
4-DGDD of type (8; 24)6(4u; u4)1 with 06 u6 5. Delete all the points in the group of
size 4u from the 4-DGDD to obtain a {3; 4}-DGDD of type (8; 24)6 whose blocks of
size 3 are partitioned into u 3-parallel classes. Now, apply a slightly modiGed version
of [18, Construction 2.1], we obtain a {3; 4}-DGDD of type (24; 64)6 whose blocks of
size 3 are partitioned into 9u parallel classes. Adjoin 9u inGnite points to complete the
parallel classes and then adjoin a further 3i ideal points for i∈{0; 1; 2; : : : ; 5}, apply
Construction 2.3 by Glling in 4-GDDs of type 66(3i)1 to obtain a 4-GDD of type
246(9u+ 3i)1, as desired.
Lemma 3.7. There exists an MRD({4; 31}; 172).
Proof. Take a TD(6; 5) and let B be one of its blocks. Give weight 3 to 3 points which
are in the same group and not in B, and weight 6 to all other points. Apply Construction
2.6 with k ′ = 2, we require 4-GDDs of types 6531 and 66 coming from Theorem 2.10
as well as an IPBD(4; 22; 7) and an IPBD(4; 31; 7) coming from Theorem 2.5. Finally,
we take as the requisite PBD an MRD({4; 7}; 37) constructed by adjoining a common
point to the groups in a 4-GDD of type 3862 coming from Lemma 2.8. This gives the
MRD as desired.
Lemma 3.8. There exists an MRD({4; 34}; 184).
Proof. Take a TD(6; 5) and let B be one of its blocks. Give weights 9, 9, 6, 6, 6,
3, respectively, to the six points in B and weight 6 to the remaining points of the
TD. Apply Construction 2.6 with k ′ = 2, we require 4-GDDs of types 6531, 66 and
6591 coming from Theorem 2.10 as well as an IPBD(4; 28; 4) and an IPBD(4; 31; 7)
coming from Theorem 2.5. Finally, we take as the requisite PBD an MRD({4; 10}; 40)
constructed by adjoining a common point to the groups in a 4-GDD of type 3792
coming from Lemma 2.8. This gives the desired MRD.
Lemma 3.9. There exists an MRD({4; 94}; v) for v= 649 or 652.
Proof. Take a TD(7; 8) and let B be one of its blocks. Give every point not in B weight
12, and all points but one in B weight 9, the last point getting weight 6 or 9 according
as v=649 or 652. Apply Construction 2.6 with k ′=4 or 2, we require 4-GDDs of types
12661, 12691 and 127 coming from Lemma 3.1 or [4, III.1.3, Theorem 1.27] as well as
an IPBD(4; 91; 7) and an IPBD(4; 94; 10) coming from Theorem 2.5. Finally, we take
as the requisite PBD either an MRD({4; 10}; 61) or an MRD({4; 10}; 64) constructed
by adjoining a common point to the groups in 4-GDDs of type 3894 or 31592 coming
from Lemma 2.8. This gives the MRDs as desired.
Lemma 3.10. There exists an MRD({4; 238}; v) for v= 1657 or 1660.
Proof. Take a TD(7; 9) and let B be one of its blocks. Give every point not in B
weight 24, and all points but one in B weight 45, the last point getting weight 42
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or 45 according as v = 1657 or 1660. Apply Construction 2.6 with k ′ = 4 or 2, we
require 4-GDDs of types 246421, 246451 and 247 coming from Lemma 3.6 as well
as an IPBD(4; 235; 43) and an IPBD(4; 238; 46) coming from Theorem 2.5. Finally,
we take as the requisite PBD either an MRD({4; 46}; 313) (which has 4 concurrent
blocks of size 46) or an MRD({4; 46}; 316) (which has 2 concurrent blocks of size
46) coming from [13, Lemma 3.7]. This gives the MRDs as desired.
We are in a position to state our main result.
Theorem 3.11. Let k ≡ 7 or 10mod 12 and v ≡ 1 or 4mod 12 with v¿ 4k − 3.
Then there exists an MRD({4; k}; v) except possibly when (k; v)∈{(10; 52); (22; 121);
(22; 124); (22; 133); (22; 136); (22; 145); (22; 148); (22; 244); (34; 229); (34; 232)}.
Proof. Combine Theorems 1.3–1.5, Lemma 3.5 and Lemmas 3.7–3.10, the conclusion
then follows.
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